We propose a scheme for teleporting an arbitrary superposition of entangled Dicke states of any number of atoms ͑qubits͒ between two distant cavities. Our method relies on adiabatic passage using multi-atom dark states in each cavity, and a conditional detection of photons leaking out of both cavities. The ideal success probability of the protocol decreases polynomially in the number of atoms. The fidelity is unity for a single Dicke state, and can be optimized for the superposition by unitary postprocessing. Issues of experimental feasibility and applications to quantum informatics are discussed.
I. INTRODUCTION
Quantum teleportation, first introduced by Bennett et al. in 1993 ͓1͔ , has been of interest to the physics community for many years. It holds promise for many useful applications in quantum communication and quantum computing. It consists of three steps. The first step is to prepare an entangled pair of particles that is shared between sender ͑Alice͒ and receiver ͑Bob͒. The second step is a joint measurement by Alice of the unknown system and one particle of the entangled pair in a Bell basis. In the last step, a classical communication from Alice to Bob allows him to reconstruct the unknown state at his end following appropriate unitary transformations. This protocol has been verified experimentally for discrete ͓2͔, as well as continuous ͓3͔, systems.
In this paper, we consider a departure from the usual teleportation scenario in two ways. First, following an interesting recent suggestion ͓4͔, the entanglement resource necessary for teleportation is not introduced as shared particles between Alice and Bob, but rather comes about from a detection made by Alice of the joint state of both parties following independent preparation stages. Second, and central to the present paper, the state that is to be teleported is itself an arbitrary entangled state of many particles, constituting the most general transfer of quantum information between the two parties.
Usually atomic states are considered ideal for the storage of quantum information and are used as the stationary qubits. Earlier proposals for teleporting atomic states ͓5͔ used the atoms themselves as the carriers of quantum information ͑the "flying qubits"͒, and recently massive particle teleportation based on the Bennett et al. protocol was demonstrated by two groups using ions in a trap ͓6͔. However, we note that photons have an intrinsic advantage in that they are better suited for communication over long distances. Cavity quantum electrodynamics methods offer an ideal coupling between atoms and photons in a controlled setting ͓7͔. Based on such methods, we can achieve quantum teleportation of entangled states in multiple cavities ͓8͔, as well as arbitrary superpositions of Fock states in a single cavity ͓9͔.
In the present proposal, we take a different approach to scalable quantum teleportation. Some past studies have used the joint detection of photon decays to establish entanglement among distant atoms ͓10,11͔. In an application of this idea, Bose et al. ͓4͔ show how to teleport an atomic state from one cavity to another by conditional detection of a photon from both cavities. The main advantage of their scheme is the use of photon decays themselves to establish entanglement between the cavities, rather than the cumbersome task of coherently coupling a photon out of one cavity and feeding it into another cavity ͓12,13͔.
We consider the use of multi-atom dark states for quantum state transfer and teleportation, where the desired intercavity entanglement is brought about by a sequence of conditional detections of photons leaking out of both cavities. The main advantage of the proposed scheme is the ability to transfer multiqubit entangled states, namely, superpositions of atomic Dicke states ͓14͔, which can be engineered in a cavity by conditional detection methods, and have wide ranging applications in quantum information science ͑see ͓15͔͒.
Our scheme is shown in Fig. 1 . Alice and Bob have an equal number of ͑identical͒ atoms trapped inside their cavities, and the atoms are well separated so that any interaction between them can be neglected. The cavities are designed to be one sided so that the direction of cavity leakage is known, and photons leaking out of the cavities pass through a beam splitter ͑BS͒ and are detected by two 100 percent efficient detectors D + and D − , which we treat using the quantum jump formalism ͓7,16͔.
In Sec. II, we discuss the two-atom case first, as it allows us to highlight the key physics that goes into making each stage possible. We highlight the different control parameters that are unique to this protocol, and also briefly describe methods for unitary postprocessing of the teleported state to optimize the fidelity. In Sec. III, we show that the protocol can be generalized to an arbitrary number of atoms, and discuss the scaling of the success probability with the number of atoms. In Sec. IV, we discuss issues related to fidelity optimization and experimental feasibility of the protocol, and extensions to other quantum information applications.
II. TWO-ATOM TELEPORTATION
The atomic state in cavity A that Alice wants to teleport is assumed to be a ͑symmetric͒ Dicke-state superposition of the form
where ͉a͘, ͉b͘, and ͉c͘ are the states of each ⌳-type threelevel atom ͑see Fig. 1 inset͒. States ͉cc͘ and ͉bb͘ represent both atoms in the same state, and ͉͑bc͘ + ͉cb͒͘ / ͱ 2 is a state with one atom in state ͉b͘ and one in state ͉c͘. The coefficients C 0 I , C 1 I , and C 2 I are arbitrary and satisfy
. Our protocol is based on a mapping of the two-atom state in Eq. ͑1͒ to an equivalent Fock-state superposition of the cavity field consisting of 0, 1, or 2 photons. This is done using multi-atom dressed state adiabatic passage in the cavity in the presence of a classical drive field, which has the ability to generate atom-field entanglement. However, we have to be careful because while the adiabatic passage is taking place, the photons can leak out and can be detected. Conditional detection of photons is necessary for our scheme because it leads to "quantum jumps" that enable the Dickestate transfer. Thus, before proceeding, we examine the quantum jump formalism and how it applies in the multiatom dark state picture.
In each cavity, the atoms are assumed to be simultaneously coupled to a time-dependent classical field, with Rabi frequency ⍀͑t͒, and a quantized cavity field mode with coupling strength g. The interaction is governed by the Hamiltonian ͓7͔, as
where 1 and 2 enumerate the atoms, and â † and â are photon creation and destruction operators, respectively. Now, conditional on the absence of a click in the detectors, the effective Hamiltonian governing the time evolution of the joint state is given by ͓17,18͔
Here, is the decay rate of the field mode â , taken to be the same for both cavities. Note that H eff is non-Hermitian due to the presence of the decay term. However, we can still define an effective "interaction picture," where the atom-field evolution is described by the Hamiltonian
and the corresponding state vector
In this way, by switching between pictures, we can treat the atom-field coupling separately from the decay of the field from the cavity. By numerically solving Schrödinger's equation, we have verified that H eff and H I describe identical evolutions of the state in the respective pictures. Finally, when detection events do occur, the quantum jump formalism associates these with the action of photon annihilation operators. For the two detectors D ± in our scheme ͑Fig. 1͒, we have the linear transformations due to the beam splitter:
where â A ͑â B ͒ is the destruction operator for the field in cavity A ͑B͒, and r and t are the ͑real͒ reflection and transmission coefficients for the beam splitter, such that ͉r͉ 2 + ͉t͉ 2 =1. A key to our approach is the use of multi-atom dark states in each cavity ͑see, for example, Ref. ͓19͔͒. It is convenient to classify the states according to the total number of excitations present. For zero excitation, we have both atoms in state ͉c͘ and field in vacuum:
For one excitation, the manifold of states coupled by the Hamiltonian H ͑i.e., having nonzero matrix elements͒ are ͉cc͉͘1͘, ͉bc͉͘0͘, ͉cb͉͘0͘, ͉ac͉͘0͘, and ͉ca͉͘0͘. From these, we can construct two states that are dark with respect to the couplings ⍀ and g for each atom ͑i.e., zero-eigenvalue states of H͒:
for j = 1 or 2. The effects of cavity decay may be included in the interaction picture ͑defined by H I ͒ by replacing g with ge −t . For two excitations, the manifold of coupled states consists of ͉cc͉͘2͘, ͉bc͉͘1͘, ͉cb͉͘1͘, ͉bb͉͘0͘, ͉ba͉͘0͘, ͉ab͉͘0͘, and ͉aa͉͘0͘, which supports a two-atom dark state:
͑10͒
In the preparation stage, Alice follows the above dark states, and by tuning ⍀͑t͒ to go from ⍀Ӷg to ⍀ӷg, achieves the following adiabatic transformations:
where in the last line, we have used the approximation that ͑⍀ / g͒ 2 ӷ 2͑⍀ / g͒ since ⍀ӷg. In this way, she transfers her given atomic state in Eq. ͑1͒ to the corresponding field state in time t p , resulting in the atom-field state
where, including the effects of cavity decay, we have
and N 1 = ͉C 0 ͉ 2 + ͉C 1 ͉ 2 + ͉C 2 ͉ 2 is for normalization. At the same time, Bob places two atoms in his cavity B in the state ͉b͘, and by tuning ⍀͑t͒, evolves his system from ͉bb͘ B ͉0͘ B to the two-atom dark state ͉⌿ 2 dark ͘ at time t = t p :
Note that cavity decay does not affect the relative amplitudes of the dark state, as this is always defined with respect to the original Hamiltonian H. However, and this is the key trick, Bob can choose ⍀͑t p ͒ / g to be of the form ␣e −t p to complement the decay in Alice's cavity:
To summarize, following independent preparations, the joint state of Alice's and Bob's systems is
In the detection stage, Alice waits for two ͑and only two͒ clicks on her detectors from photons arriving from both cavities. The first click occurs at time t = t 1 after preparation, and the second click occurs at time t = t 2 after preparation. The simultaneous detection process leaves the joint state of Alice and Bob in ͑see Appendix͒
where the cumulative time decay e −t 2 damps out the nonzero, final photon number contributions ͑denoted by the dots͒, and we are left in the long-time regime with the following decoherence-free atomic state in Bob's cavity:
͑25͒
where
, and the coefficients m are given in Table I The raw fidelity of the protocol, F = ͉͗ in ͉ out ͉͘ 2 , depends on both the state to be teleported ͑the coefficients C m I ͒ and the detection scenario that is realized. If only one of the Dicke states is present initially ͑C m I = 1 for some m͒, then the fidelity is automatically unity when the protocol succeeds ͑i.e., when two and only two clicks are recorded͒. For the entire superposition, the fidelity depends on the postprocessing of the teleported state. That is, knowing the coefficients m in Table I allows us to choose an appropriate unitary transform ͑which depends on the detection scenario͒ to maximize the fidelity after the protocol has ended. We emphasize that this does not depend on the initial choice of ␣ and r, as any detection scenario can be optimized postdetection by subsequent unitary evolution of the teleported state ͉͘ B out . The free parameters ␣ and r are chosen only to ensure that all the prefactors m are nonzero.
Thus, the probability of success of the teleportation protocol depends solely on the fact that we get two, and only two, clicks on both detectors. Note that the possibilities include ͓cf. Eqs. ͑15͒, ͑19͒, and ͑23͔͒ zero, one, or two photons from each cavity, leading to 0-4 clicks in both detectors. We analyze the success probability in more detail below.
III. N a -ATOM TELEPORTATION
To appreciate the scaling of the protocol, we discuss the generalization of our scheme to an arbitrary number of atoms N a in each cavity. The interaction Hamiltonian in Eq. ͑2͒ generalizes to
͑26͒
We use the notation ͉b m c N a −m ͘ to denote a normalized, symmetric Dicke state where m atoms are in the level b and 
Using adiabatic evolution in the presence of cavity decay, and utilizing dark states composed of an arbitrary number of atoms in the cavity ͓see Eq. ͑29͒ below͔, Alice maps the unknown N a -atom state given above to the equivalent photon state in time t p :
where C p = e −pt p ͱP͑N a , p͒C p I . Meanwhile, Bob prepares his cavity in the N a -atom dark state
where 
where for detection scenario n, the prefactor for C m I is given by
Successful teleportation of the superposition state occurs when there are exactly N a photodetection events ͑for N a atoms͒. Assuming no clicks occur during the preparation stage ͑t p Ӷ 1͒, this occurs with probability
A plot of this quantity is shown in Fig. 2 , which shows that the fall off with N a is an inverse power law. This indicates that in principle, the success probability has a polynomial scaling with the number of atoms.
IV. DISCUSSION
First, some remarks about fidelity. We note that optimizing the fidelity after the protocol has ended defines a problem that, to our knowledge, has not been addressed before in the teleportation literature; namely, one where the weighting prefactors m ͑n͒ are known, but the coefficients C m I of the initial state are unknown. That is, the relative weights of the Dicke state superposition need to be equalized regardless of their absolute amplitudes, a problem which can be posed only in a state-averaged sense. We are currently addressing this issue. To give an example, consider the two-atom case in our scheme where the final state is given by Eq. ͑25͒. By appropriate choice of ␣ and r, we can arrange the pre-factors to be such that 0 Ͻ 1 Ͻ 2 for all detection scenarios. To equalize these weights, we might try a two-qubit rotation of states ͉bb͘ and ͉cc͘, which leaves the symmetric state ͉͑bc͘ + ͉cb͒͘ / ͱ 2 unchanged. The optimal rotation angle is determined by averaging the fidelity over all input coefficients C m I . For this example, we find that the state-averaged fidelity for the two-atom case can be increased to at least 0.96 for all detection scenarios. Successive unitary operations, which will introduce more control parameters, will further optimize this figure. A similar approach can be taken for larger number of atoms N a , where with more atoms, we have a larger permutation of unitary operations at our disposal. Thus, the N a scaling is not expected to constrain the optimization.
From the experimental standpoint, the fidelity will be degraded whenever the relative amplitudes/phases of the different Dicke states are unknown; for example, due to fluctuations in laser intensity, or asymmetry in the cavity coupling to different atoms.
We believe that the technology for implementing the proposed scheme is within reach of the current state-of-the-art for a small but significant number of atoms. For example, laser cooling and trapping of individual atoms in a high-Q cavity has recently become possible ͓21͔, and optical dipole traps have been demonstrated for a deterministic number of atoms ͓22͔. Furthermore, three-level adiabatic passage and linear optics methods are well established experimentally. The principal constraint on asymptotic scalability will be the efficiency of the detectors, which in practice will cause the success probability to decrease exponentially. Another constraint is the need for a photon number resolving detector, as we require the postselection of the experiment based on N a photodetection events. These issues are generic to quantum information schemes based on linear optics, and are currently active areas of research.
We anticipate that the main elements of the proposed scheme will be useful in a variety of quantum information applications beyond teleportation. A key feature of the scheme is the multi-atom adiabatic passage that enables mapping of atomic Dicke-state entanglement to the photonic degrees of freedom. This method should prove useful for large-scale transfer of entangled quantum information between matter systems, a key requirement for distributed quantum computing. Furthermore, it also suggests the possibility of entanglement transfer between unequal number of atoms in both cavities, leading to applications such as dense coding and entanglement purification which can be fruitfully addressed with a mixed-state generalization of our scheme.
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APPENDIX: SYSTEM STATES IN DIFFERENT TIME STEPS
We give below the details of the calculation for the twoatom case below. After preparation, Alice waits until she hears two ͑and only two͒ clicks at t = t 1 and t = t 2 , following which the state in cavity A is teleported to cavity B successfully. For simplicity, the normalization factors are suppressed in Eqs. ͑A1͒-͑A7͒ below.
From Eqs. ͑15͒ and ͑19͒, at the end of the preparation stage ͑defined as t =0͒, we have
When t = t 1 , before Alice registers the first click, the joint state of Alice's and Bob's systems has evolved conditional on no detector click, according to the evolution operator exp͑−â † â t 1 ͒ for photons in each cavity:
The first click then occurs and the time evolution of the system state is interrupted by a quantum jump at one of the two detectors D + or D − . For the D + detector, we find
while for D − we have an analogous result with t → r and r → −t. During the period t 2 − t 1 , no clicks occur again by definition and the above state evolves according to exp͓−â † â ͑t 2 − t 1 ͔͒: 
͑A7͒
In all cases, we can write the final atom-field state ͑upon two detection events͒ as in Eqs. ͑24͒ and ͑25͒, where the prefactors m given in Table I 
